Abstract. In this paper, we proved a rigidity theorem of the Hodge metric for concave horizontal slices and a local rigidity theorem for the monodromy representation.
Introductions
Let (X, ω) be a polarized simply connected Calabi-Yau manifold. That is, X is an n-dimensional compact Kähler manifold with zero first Chern class and [ω] ∈ H 2 (X, Z) is a Kähler metric. By the famous theorem of Yau [12] , there is a Kähler metric on X in the same cohomological class of [ω] such that its Ricci curvature is zero.
Let Θ be the holomorphic tangent bundle of X. In [9] , Tian proved that the universal deformation space of the complex structure is smooth. The complex dimension of the universal deformation space is dim H 1 (X, Θ). In other words, there are no obstructions towards the deformation of the complex structure of Calabi-Yau manifold. A good reference for the proof is in [3] .
Take n = 3 for example. A natural question is that to what extent the Hodge structure, namely, the decomposition of H 3 (X, C), into the sum of H p,q 's (p+q=3), determines a Calabi-Yau threefold. Let's recall the concept of classifying space in [4] , which is a generalization of classical period domain. In the case of Calabi-Yau threefold, the classifying space D is defined as the set of the filtrations of H = H 3 (X, C) by
with dim F 3 = 1, dim F 2 = n = dim H 1 (X, Θ), dim F 1 = 2n + 1, and H p,q = F p ∩ F q , H = F p ⊕ F 4−p (p+q=3) together with a quadratic form Q such that (1) i Q(x, x) < 0 if 0 = x ∈ H 3,0 (2) i Q(x, x) > 0 if 0 = x ∈ H 2,1 where i = √ −1. There is a natural map from the universal deformation space into the classifying space. Intuitively, this is because D is just the set of all the possible "Hodge decompositions". Such a map is called a period map. In the case of Calabi-Yau, the map is a holomorphic immersion. Thus in that case, the infinitesimal Torelli theorem is valid [4] .
It can be seen that D fibers over a symmetric space D 1 . But such a symmetric space needs not to be Hermitian. Even D 1 is Hermitian symmetric, D still needs not fiber holomorphically over D 1 . Although in that case, there is a complex structure on D such that D becomes homogeneous Kählerian [8] .
Griffiths introduced the concept of horizontal distribution in [4] . He proved that the image of the universal deformation space, via the period map to the classifying space, is an integral submanifold of the horizontal distribution. A horizontal slice is an integral complex submanifold of the horizontal distribution. In this terminology, the universal deformation space is a horizontal slice of the classifying space. The horizontal distribution is a highly nonintegrable system. Because of the above result of Griffiths, it is interesting to study horizontal slices of a classifying space. The local properties of horizontal slices have been studied in [6] and [5] .
In [6] , we introduced a new Kähler metric on a horizontal slice U . We call such a metric the Hodge metric. The main result in [6] is that (see also [5] for the case n = 3) In this paper, we study some global rigidity properties of horizontal slices. In order to do that, we observe that the universal deformation space U carries less global information than the moduli space M, which is essentially the quotient of the universal deformation space by a discrete subgroup Γ of Aut(U ). The group Γ is called the monodromy group of the moduli space. The volume of the space Γ\U is finite with respect to the Hodge metric. This is the consequence of the theorem of Viehweg [11] , the theorem of Tian [10] and the above theorem.
For a horizontal slice U of D, if Γ is a discrete subgroup of U such that the volume of Γ\U is finite, then a general conjecture is that whether Γ completely determines the space Γ\U . In the case where n = 2, this is correct by the superrigidity theorem of Margulis [7] . In general, this is a very difficult problem.
We consider the following weaker rigidity problem: to what extent the complex structure of the moduli space determines the metrics on the moduli space and the monodromy representation? To this problem, we have the following result in this paper.
First, we proved that, if Γ\U is a complete concave manifold, then the complex structure of Γ\U completely determines the Hodge metric of Γ\U . More precisely, we proved that if for some discrete group Γ of Aut(U ), Γ\U is a concave complete complex manifold, then the Hodge metric defined on U is intrinsic. In other words, the Hodge metric doesn't depend on the choice of the holomorphic immersion U → D from which it becomes a horizontal slice. The second main result of this paper is the local rigidity of the monodromy representation. The result is in Theorem 5.1. We combine the superrigidity theorem of Margulis [7] together with some ideas of Frankel [2] in the proof of the theorem. The motivation behind the above results is that in the case of K-3 surfaces, the moduli space is a local symmetric space of rank 2. But even in the case of Calabi-Yau threefold, little has been known about the moduli space. We wish to involve certain kinds of metrics (Weil-Petersson metric, Hodge metric, etc) in the study of the moduli space of Calabi-Yau manifolds. The metrics have applications in Mirror Symmetry of Calabi-Yau manifolds [13] .
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Preliminaries
In this section, we give some definitions and notations which will be used throughout this paper. Unless otherwise stated, the materials in this section are from the book of Griffiths [4] .
Let X be a compact Kähler manifold. A C ∞ form on X decomposes into (p,q)-components according to the number of dz ′ s and dz ′ s. Denoting the C ∞ n-forms and the C ∞ (p, q) forms on X by A n (X) and A p,q (X) respectively, we have the decomposition
The cohomology group is defined as
The following theorem is well known: 
So the set {H p,q (X)} and {F p } are equivalent in defining the Hodge decomposition. In the remaining of this paper, we will use both notations interchangeably. 
A polarized algebraic manifold is a pair (X, ω) consisting of an algebraic manifold X together with a Kähler form ω ∈ H 2 (X, Z). Let
be the multiplication by ω, we recall below two fundamental theorems of Lefschetz:
is an isomorphism for every positive integer k ≤ n.
From the theorem above, we know that
is an isomorphism for j ≥ 0. The primitive cohomology P j (X, C) is defined to be the kernel of L n−j+1 on H j (X, C).
Theorem (Lefschetz Decomposition Theorem). On a polarized algebraic manifold (X, ω), we have for any integer j the following decomposition
It follows that the primitive cohomology groups determine completely the full complex cohomology.
In this paper we are only interested in the cohomology group H n DR (X, C).
and
Suppose that Q is the quadric form on H n DR (X, C) induced by the cup product of the cohomology group. Q can be represented by
Q is a nondegenerated form, and is skewsymmetric if n is odd and is symmetric if n is even. It satisfies the two Hodge-Riemannian relations
. Let H Z be a fixed lattice, n an integer, Q a bilinear form on H Z , which is symmetric if n is even and skewsymmetric if n is odd. And let {h p,q } be a collection of integers such that p + q = n and
Definition 2.2. A polarized Hodge structure of weight n, denoted by
together with a bilinear form
which is skewsymmetric if n is odd and symmetric if n is even such that it satisfies the two Hodge-Riemannian relations:
With the notations as above, the classifying space D for the polarized Hodge structure is the set of all the filtration
with f p = h n,0 + · · · + h n,n−p on which Q satisfies the Hodge-Riemannian relations as above.
D is a complex homogeneous space. Moreover, D can be written as D = G/V where G is a noncompact semisimple Lie group and V is its compact subgroup. In general, D is not a homogeneous Kähler manifold.
The Canonical Map and the Horizontal Distribution
In this section we study some elementary properties of classifying space and horizontal slice.
Suppose D = G/V is a classifying space. We fix a point of D, say p, which can be represented by the subvector spaces of H
or the set {H p,q |p + q = n} described in the previous section. We define the subspaces of H:
Thus V leaves H + invariant and thus V ⊂ K. In order to prove that K 0 is a compact subgroup, we fix some H + , H − ⊂ H. Note that if 0 = x ∈ H + , then from the second Hodge-Riemannian
So for any norm on H + , there is a c > 0 such that
For the same reason, we have
Let g ∈ K 0 . For any x, let x = x + + x − be the decomposition of x into H + and H − parts. Then
Thus ||g|| ≤ C So the norm of the element of K 0 is uniformly bounded. Consequently, K 0 is a compact subgroup.
Suppose that K ′ ⊃ K 0 is a compact connected subgroup. Suppose k ′ is the Lie algebra of K ′ , then if K 0 is not maximal, there is a ξ ∈ k ′ such that ξ / ∈ f 0 for the Lie algebra f 0 of K 0 . Suppose ξ = ξ 1 + ξ 2 is the decomposition for which
Proof: First we observe that
by the type consideration. Since Q is invariant under the action of G by definition, we have Q(ξx, y) + Q(x, ξy) = 0
and if x ∈ H + , y ∈ H − or x ∈ H − , y ∈ H + then we have
automatically. Thus we concluded
for any x, y ∈ H. So ξ 2 ∈ g R and thus ξ 1 ∈ g R . The same is true if n is even.
We define the Weil operator
Then we have
If x = 0 we have
Thus Q 1 (·, ·) is a Hermitian product on H. Furthermore, it defines an inner product on H R = H Z ⊗ R. Now back to the proof of Lemma 3.1, we have
Thus ξ 2 is a Hermitian metrics under the metric Q 1 . Since K ′ is a compact group, there is a constant C such that ||exp (tξ 2 )|| ≤ C < +∞ for all t ∈ R which implies ξ 2 = 0. There are universal holomorphic bundles F n , · · · , F 1 , H over D, namely we assign any point p of D the linear space
or in other words, assign every point of D the space H = H Z ⊗ C, with the Hodge decomposition
It is well known that the holomorphic tangent bundle T (D) can be realized by
such that the following compatible condition holds
We define a subbundle T h (D) called the horizontal bundle of D, by
The properties of the horizontal bundle or the horizontal distribution play an important role in the theory of moduli space.
Let g R be the Lie algebra of G. Suppose
is the Cartan decomposition of g R into the compact and noncompact part.
Lemma 3.5. If we identify T 0 (G) with the Lie algebra g R . Then
where E is the fiber of T h (D) at the original point.
is the set of subspace representing the point
Let X = X 1 + X 2 be the Cartan decomposition with X 1 ∈ f 0 , and X 2 ∈ p 0 . Let
be the subspaces of H. By definition X 1 ∈ f 0 , we see that
, so does X 1 . So X 1 must leave f k invariant because X 1 sends h + to h + , and h − to h − . From the above argument we see that X 1 ∈ v, the Lie algebra of V . Thus the action X on the classifying space is the same as X 2 . But X 2 ∈ p 0 . This completes the proof.
On the other hand, ∀h ∈ V, X ∈ E, we have Ad(h)X ∈ E. So there is a representation ρ : V → Aut(E), h → Ad(h) Suppose T ′ is the homogeneous bundle
whose local section can be represented as C ∞ functions
for a ∈ V, g ∈ G. Our next lemma is Lemma 3.6.
Proof: What we are going to prove is that both vector bundles will be coincided as subbundles of T (D).
Suppose ξ ∈ T ′ gV for g ∈ G where T ′ gV is the fiber of T ′ at gV . Then ξ can be represented as
So the 1-jet in the ξ direction is (g + εgξ 1 )V for ε small. Such a point is
where
Thus ξ 2 ∈ (T h ) gV (D) and
and T ′ is the subbundle of T h (D). But since they coincides at the origin, they are equal.
Corollary 3.1. Suppose T v (D) is the distribution of the tangent vectors of the fibers of the natural projection
and v 1 is the orthonormal complement of the Lie algebra v of V .
Definition 3.2. Let U be a complex manifold. If U ⊂ D is a complex submanifold such that T (U ) ⊂ T h (D)| U . Then we say that U is a horizontal slice. If f : U → D is an immersion and f (U ) is a horizontal slice, then we say that (U, f ) or U is a horizontal slice. In a word, a horizontal slice U of D is a complex integral submanifold of the distribution T h (D).
Because to become a horizontal slice is a local property, we make the following definition: 
A Metric Rigidity Theorem
In this section, we prove that, for concave horizontal slices, the Hodge metric is intrinsically defined. That is, the Hodge metric does not depend on the immersion to the classifying space.
To be precise, suppose Γ\U → Γ\D is a horizontal slice. Then we can define the Hodge metric on Γ\U . But as a complex manifold, the horizontal immersion Γ\U → Γ\D may not be unique. If a metric defined on Γ\U is independent of the choice of the immersion, we say such a metric is defined intrinsically.
For the moduli space of a Calabi-Yau threefold, the Hodge metric is defined intrinsically by the main result in [5] . It is interesting to ask if the property is true for general horizontal slices. Any pluriharmonic function on a concave manifold is a constant. Suppose f i : U → D, i = 1, 2 are two horizontal slices. Suppose we have Γ ∈ Aut(U ), Γ 0 ∈ Aut D and we have the group homomorphism
The main results of this section are the following two theorems:
Theorem 4.1. With the notations as above, suppose that Γ\U has no nonconstant pluriharmonic functions. Then there is an isometry f :
Proof of Theorem 4.1: Let D 1 = G/K 0 be the symmetric space defined in Lemma 3.4. We denotef 1 : U → G/K 0 andf 2 : U → G/K 0 to be the two natural projections, that isf i = p • f i where p is defined in Definition 3.1. By Corollary 3.2, both maps are immersions. Let
Let σ be the geodesic ray starting at p with vector X. i.e.
Suppose the smooth function σ(s, t) is defined as follows: for fixed s, σ(s, t) is the geodesic in G/K connectingf 1 (σ(s)) andf 2 (σ(s)). Furthermore, we assume that σ(0, t) is normal. i.e. t is the arc length. definẽ
be the Jacobi field of the variation. In particular
where l = g(x). Suppose T is the tangent vector of σ(0, t), we have the second variation formula
where ∇ is the connection operator on G/K 0 and R(·, ·, ·, ·) is the curvature tensor.
We also have the first variation formula
By [6, Theorem 1.1], we know f i (i = 1, 2) are pluriharmonic. That is, we have the following
Using the fact that J is ∇-parallel, we see
where JX is the Jacobi connectingf 1 (Jσ(t)) andf 2 (Jσ(t)). Claim: If g(x) = 0, then Hessian of g at x is semipositive. Proof: Let (
∂z n ) be the holomorphic normal frame at p ∈ U . In order to prove g is plurisubharmonic, it suffices to prove that
in the second variation formula. Since the curvature of the symmetric space is nonpositive,
because the curvature operator is nonpositive. On the other hand
Thus g is plurisubharmonic if g(x) = 0. g 2 (x) is a smooth function on U . It is easy to see that g 2 is a plurisubharmonic function. But g 2 is also Γ-invariant so it descends to a function on Γ\U . Thus g 2 and g must be constant.
Since g is a constant, by Equation (4.1) and the second variational formula, we have
Moreover, by the first variational formula,
SinceX is a Jacobi field,X ′′ ≡ 0. Furthermore, by the above equations, we haveX ′ ≡ 0. This proves that there is an isometrỹ
which sendsf 1 (x) tof 2 (x) and thus we havef •f 1 =f 2 . The theorem follows from the fact that f i (U ) andf i (U ) are isometric for i = 1, 2.
Local Rigidity of the Group Representation
In this section we study the monodromy group representation on a horizontal slice.
We assume that U is a horizontal slice. Let Γ ⊂ Aut(U ) be a discrete group. Suppose Γ\U is of finite volume with respect to the Hodge metric.
For the sake of simplicity, we assume that Γ is also the subgroup of the left translation of D = G/V , the classifying space. There is a natural map Γ\U → Γ\G/K 0 where G/K 0 is the symmetric space of D = G/V as in Definition 3.1. Let G = {a ∈ G|a ∈ Aut(U )} Let G 0 be the identity component of G.
The main theorem of this section is By local rigidity we mean that if ρ t : Γ → G is a continuous set of representations for t ∈ (−ǫ, ǫ), then there is an a t for any |t| < ǫ such that ρ t = Ad(a t )ρ 0 .
Before proving the rigidity theorem, we make the following assumption. We postpone the proof of the assumption to the end of this section.
Assumption 5.1. Let K 0 be a maximal compact subgroup of G 0 . Suppose Γ 1 = Γ ∩ G 0 . We assume that Γ 1 \G 0 /K 0 has finite volume with respect to the standard Hermitian metric on G 0 /K 0 . In this case, we will call Γ 1 has finite covolume.
We prove a series of lemmas. Let
be the group generated by Γ and G 0 in G.
Lemma 5.1. Let π : U → Γ\U be the projection. Then for any x ∈ U , the projection of the G 0 orbit π(G 0 x) is a closed, locally connected, properly embedded smooth submanifold of Γ\U .
Proof(cf, [2] ): G 0 x is a closed properly embedded, locally connected smooth submanifold of U , we claim:
Proof: We know that G ⊂ N (G 0 ), the normalizer of G 0 in G. So ∀ξ ∈ G 0 , b ∈ Γ, there is a η ∈ G 0 such that bξ = ηb. Thus ∀g ∈ G 1 , g = g 1 g 2 where g 1 ∈ Γ and g 2 ∈ G 0 . So
On the other hand, if y ∈ π −1 π(G 0 x), then π(y) ∈ π(G 0 x), thus by definition, y ∈ G 1 x.
Since G 1 x is a properly embedded, locally connected smooth submanifold of U and G 1 x is Γ invariant. The lemma is proved by observing π(
In order to prove Theorem 5.1, we use the following famous theorem of Margulis [7] about the superrigidity of symmetric spaces:
Theorem (Margulis) . Suppose that G 0 is defined as above. If Γ 1 is of finite covolume, then for any homomorphism
there is a unique extensionφ
The following lemma is a straightforward consequence of the above theorem of Margulis.
Proof: Let ϕ : Γ 1 → Γ 1 by y → xyx −1 . Then ϕ has an extensioñ ϕ : G 0 → G 0 . This extension is unique. So we must haveφ(y) = xyx −1 = y. Since G 0 is semisimple, we have x = e.
is a finite group.
Here Out(Γ 1 ) denotes the group of isomorphisms of Γ 1 and Inn(Γ 1 ) denotes the group of conjugations of Γ 1 .
Proof: Let ϕ : Γ 1 → Γ 1 be an element in Out(Γ 1 ). Since Γ 1 has finite covolume, we know there is a unique extensionφ :
It is a Γ-equivariant holomorphic map. The lemma then follows from the following proposition. Proof: Since Γ\G/K is a Hermitian symmetric space, we know Aut(Γ\G/K) is the same as Iso(Γ\G/K).
Suppose Iso(Γ\G/K) is not finite. Then we have a sequence of isometries f 1 , f 2 , · · · . Let p ∈ Γ\G/K be a fixed point and let V be a normal coordinate neighborhood of p. The we know that {f i (p)} must be bounded, otherwise there is a subsequence of f i such that f i (U ) will be mutually disjoint. This will contradict to the fact that Γ\G/K has finite volume, because
By Ascoli theorem, there is a subsequence of f i such that f i converges to an f ∈ Iso(Γ\G/K). Thus Iso(Γ\G/K) is not discrete. So there is a holomorphic vector field X on Γ\G/K. Suppose X = X i ∂ ∂z i in local coordinate, and ||X|| 2 = G ij X i X j . Suppose the local coordinate is normal, then
where R ijkl is the curvature tensor of the symmetric space. Thus in particular ∂∂||X|| 2 ≥ 0. By the theorem of [1] , Γ\G/K is a concave manifold. Thus ||X|| 2 is a constant. On the other hand, from equation (5.1), we have
So Ric(X) = 0 and thus X ≡ 0. This is a contradiction.
From the above proposition, there is an integer n such that a n = e for all
LetΓ be the subgroup of G 1 generated by Γ 1 and a n where a ∈ Γ. Then we have an exact sequence
whereB is the quotientΓ/Γ 1 . For any b ∈Γ/Γ 1 with b ∈Γ, we have
. But by the definition ofΓ, b is a trivial element in Out(Γ 1 )/Inn(Γ 1 ). So there is a c ∈ Γ 1 such that bc is commutative to Γ 1 . So there is a homomorphism
We can thus define a homomorphism
such that ξ(a, b) = aη(b) which is an isomorphism. In other words, the exact sequence (5.2) splits.
Thus we know a family of representation ofΓ splits to the representation to the discrete groupB and Lie group G 0 respectively. Proof: Let ϕ t : Γ →G be a local family of representations, t ∈ (−ǫ, ǫ). Then we see that ϕ t restricts to a trivial family of representations onΓ. That is, there are a t ∈G 1 ⊂G with a 0 = e such that ϕ t (x) = a t ϕ 0 (x)a −1 t for x ∈Γ. Let ξ t = Ad(a −1 t )ϕ t . Then we know ξ t (x) = ϕ 0 (x) for all x ∈Γ. Now if x ∈ Γ, then x n ∈Γ. So we have (ξ t (x)) n = (ϕ 0 (x)) n and ξ 0 (x) = ϕ 0 (x). Thus ξ t (x) = ϕ 0 (x).
In the rest of this section, we prove Assumption 5.1.
Lemma 5.6. G 1 is a closed subgroup of G.
Proof: We know that G 1 ⊂ G. Let x m ∈ G 1 such that x m → x for x ∈ G. Then x ∈ Aut(M) so x ∈ G. Thus for sufficient large m, x m and x are in the same component. In particular, we have x ∈ G 1 . 
be the distance of a point p ∈ L 1 to L 2 .
Lemma 5.8. f (p) is a constant.
Proof: Let p, q ∈ L 1 . Then there is a g ∈ G 0 such that q = gp. We have
On the other hand, we also have
Thus d(q, L 2 ) = d(p, L 2 ) and f (p) is a constant. Define the distance between two orbits
Let a ∈ G 1 /G 0 . Then aL defines another orbit. So we have a map
We know that d(aL, L) > 0 for a = 0. Furthermore we have Lemma 5.9.
Proof: This is a consequence of the previous two lemmas.
For any orbit G 0 p, Γ\G 0 p is a closed, properly embedded submanifolds (Lemma 5.1). We fix one of them, say L.
Let W = {x ∈ U |d(x, L) < ε 100 } where ε is defined in the previous lemma. Then for any a ∈ G 1 \G 0 , aU ∩ U = ∅. In particular Γ\W = Γ 1 \W in Γ\U .
Now that vol(Γ\U ) ≥ vol(Γ\W ) = vol(Γ 1 \W ) For any p ∈ Γ 1 \U , there is a unique q ∈ L such that
Now we can prove the following proposition which implies the assumption: vol(f = c) < ∞ Note that dim {f = c} = dim U − 1. The proposition then follows from the induction.
